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Abstract—Vandermonde determinant is a special determinant,
which is widely used, not only in the calculation of determinant,
but also in linear space, linear transformation and so on.
Vandermonde determinant is a very famous determinant
because of its special form, clear calculation results and easy
identification. How to transform determinant into
Vandermonde determinant is a difficult and important problem.
Based on the brief introduction of Vandermonde determinant,
this paper illustrates its application in linear space and linear
transformation.

Index Terms—Vandermonde determinant,
linear transformation, determinant, matrix.

linear space,

1. INTRODUCTION

Vandermonde determinant was discovered by the French
mathematician Vandermonde in 1772. It is the following
determinant of order n

1 1 I A 1

a a a AN a,
d=|a; a a AN a | M

M M M M

al a at A a!

For any n, the value of Vandermonde determinant of

order n is equal to H (a;,—a;) . This result can be
1< j<isn

proved by mathematical induction or recurrence method,

and will not be repeated here.

It is easy to know from the value of Vandermonde
determinant that Vandermonde determinant is equal to zero if
and only if at least two of them are equal.

Vandermonde determinant is a very famous determinant
because of its special form, clear calculation results and easy
identification. Vandermonde determinant is widely used, not
only in the calculation of determinant, but also in linear space
and linear transformation [1-6]. This paper mainly illustrates
its application in linear space and linear transformation by
concrete examples.

II. APPLICATION OF VANDERMONDE DETERMINANT IN
LINEAR SPACE

In linear space, we often encounter the problem of

transformation using Vandermonde determinant. Through
transformation, we can easily get the conclusion we need.
Example 1. Let V be a n dimensional linear space
over the number field P . it is proved that for any positive
integer m (m =n), there are m vectors in P, and any
n vectors are linearly independent.
Proof. Since V and P" are isomorphic, we only need
to consider them in P".
Let
a,=(1,22°,A 2",
a,=(1,2%,(2*)*A 2*)"),
AA
a, = (1,2",(2"%A 2™,

and
1 2% @242 A @4y
5 :l 2k (2k2)2 A (2k2)n
"M M M M [
1 2% 2%y A (2k,, )"
where 1<k <k,<A <k,<m ,then D, is a
Vandermonde  determinant and Dn #0 , so

a,.a, A ,a, arelinearly independent.
Example 2. P?? is used to represent the set of all 2
order matrices over P . Let a,,a,,d,,a, be four number

that differs from each other and a, +a, +a;+a, # 0.
Proved that

I a I a,
A=, s pA =, 4
a; 1 a, a,
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A—l a, A—l a,
L P e P

are a set of bases of linear spaces P> on P .
Proof. Let x,x,,x;,x, € P and

XA +x,A +xA +x,A, =0,

then
X a4 Xy Gk X3 43X
2 PI L 4 nu 4
agx; apx a,x, da,Xx, a3 X; A3 X3
Lt ) 00
2 4 - .
a,x, a,x, 00
So
X +x,+x;+x,=0
a,x, +a,x, +a,x;+a,x, =0
2 2 2 2.
a; x,+ax, +a;x;+a;x, =0
“e ratc tatr taty =0
a x, +a,x, ta;x; +a,x, =
ie.,
1 1 1 1 x 0
a, a, a; a,| x| 0
2 2 2 2 “lo
a; a, a; a;| x
4 4 4 4
a  a, a; a; \x, 0
Let the coefficient determinant of the linear
homogeneous equations be
1 1 1 1
a a, a, a
|4 2 3 4
D4 .2 2 2 212
a  a, a; 4q
4 4 4 4
a a4, a; aq

and add one row and one column to D, to become the
Vandermonde determinant

1 1 1 1 1
a a a; a Yy
I P 2
Dy(y)=|a; a; a; a; y
3 3 3 3
a  a, 4z a, 'y
4 4 4 4
a  a, 4z a; y

=(y—a)(y—a)(y—a)(y—a,) []@—a))

1< j<i4
Since D, is the opposite number of the coefficient of y3

in Dy(y), and from the right side of the above formula,

we know that the coefficient of y3 is
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(Za)H(a—a)

1<j<i<4
SO

—<Za> [T@—a).

1<j<i<4

According to Zal #0,a,#a;,(i# J) we have
i=1

D, #0,

solutions.

so the above linear equations have only zero

Therefore, A;,A,,A;,A, are linearly

independent and form a set of bases of P>,

ITI. APPLICATION OF VANDERMONDE DETERMINANT IN
LINEAR TRANSFORMATION

Example 3. Let the linear transformation o of n
dimensional linear space V over the number field P
have n distinct eigenvalues A, 4,,A , 4, then

(1) The linear transformation of V' exchangeable with

O is the linear combination of €,0,0 2,/\ ,O ot , where
£ is the identity transformation.
2 VYaeV,a,oa,0°a,A ,0""'a are linearly

independent if and only if o =20{i ,  where
i=1

ola)=Aa,,i=12A ,n.
Proof. Let O be a linear transformation commutative
with 0, and

ola)=Aa,,i=12A ,n,
then V, = {k051|k € P} is the invariant subspace of J .
Let
S=xe+x,0+x,0° +A +x,,0""
and 0 (o)) =k,a,,i=1,2,A ,n, then we have
k= x+x 4 +x,4 +A +x, A
k,=x+x A, +x,4+A +x, A"
AANAAAAAA
k, =x+xA +x,A+A +x, A
Since the coefficient determinant of the system (2) is
Vandermonde determinant and

D= [J4-4).

1< j<i<n

(©))

the system (2) has a unique solution, so O is the linear

combination of €,0,0%,A ,c""
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(2) Sufficiency. Since & = Z a; , so we have

i=1

(a,0(a)A ,0" (@)

1 A4 A 2
1 A n—1
=(a.a,,A ,a,) 4 /12,
M M O M
14 A A
and
1A A A
1 ﬂz A n—1
= A—1.)%0.
M MO M 1S£,I£§ ' ])
1A A A
Therefore,

X;z—l
ﬂ;_l

1 A4 A
14 A
M M M
1A, A A

is an invertible matrix, and since @,,a,A ,@, is aset of

bases of V, &, 0(@),A ,0" " (&) is also a set of bases
of V , they are linearly independent.
Necessity. Let el,ez,A ,e,be the eigenvectors of O

corresponding to eigenvalues 4, 4,,A , A, respectively,

then e¢,e,,A ,e, form a base of V , so
o =ke +ke, +A +ke, .
If k #0,i=12,A,n, then ke, is also the

eigenvector of 0 corresponding to eigenvalue /11, , so the
conclusion is true.

If there exists j€ {l,2,A ,n} and k ; # 0, without
losing generality, we assume k;,k,,A ,k, are not be
zero,and k,, =A =k, =0, then

a=ke +kye,+A +ke,.

Therefore, we have
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(a,0(a).A 0" (@)

ko kA A kAT
k, k A kAT
= (e, e,.A se,)| 2 % ?
M M O M
kokA A kAT

=(e,,e,,A ,e )A.
Using the Vandermonde determinant, we can know that

A has a r order subdeterminant that is not zero, so
rank(A) = r, thus

rank(a,o(Q@),A ,0" (@)=,

and sincer<n, so a,0(x),A ,O'"_I(O{) are linearly
related, which is contradictory to the condition of the

problem. So o = Zai , where
i=1
ola)=Aa,,i=12A ,n.
Example 4. Let V be a n dimensional linear space
over the number field P ,

of V , and 0 has
eigenvalues on P, then

(1) The eigenvectors of O are eigenvectors of 7 if and
onlyif 07 =10;

(2) If or =70, then T is a linear combination of
£,0,05A 0", the

O,T be two linear

transformations n distinct

where &£ s identity

transformation on V' .
Proof. Let 4,,4,,A , A, be the different eigenvalues of

o, and @, A ,q, be the eigenvectors of O
A AN LA,

respectively. Since A, 4,,A , A, are different from each

corresponding to the eigenvalues

other, so @,,Q,,A , @, are a set of bases of linear space
V.

(1) Necessity. If each @; is an eigenvector of 7, then
there exists 4, € P such that 7(e,) = y,a,,i=1A ,n.
So

or(a) =o(ua,) = uo(e,) = pAe
=Awe) = 4(1(a,)) = 1(4a;)
=7(o(a,))=10(,),i =L2,A ,n.
Since al,az,A ,&, are a group of bases of V., so
OT=170.
Sufficiency. Let 07 =70 For

(i=12,A ,n), we have

every @
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o(t(a,))=(or)a, =(10)Q,
=17(0(@)) =7(4a;) = 4 (7()).
So 7(e;)€ V, . Since dim(V, ) =1, there is 1, € P so
that 7(,) =, i=12,A ,n . So @, is also the

eigenvector of 7,1 =1,2,A ,n. So the eigenvector of &
is also the eigenvector of 7 .
(2) Let o7 =70 , from (1) we know that ; is also the

eigenvector of 7, i=12,A ,n, so there exists /. € P
such that 7(¢,) = g, i =1,2,A ,n , then we get
o(a,a,\ )

4

:(alaaz’A ’an)

A
0

(e, a,A\ )

H,
M,

=(a1’a2’A ’an) O

H,
Consider the linear equations
X +Ax, +A + A, =
X+ A +A + A7 %, =4,
AA
X +A XA A x =
Since the coefficient determinant
LA A AR
2 n-1
L4 & A A&7 [TA-4)=0.
MM M I\ (s
1 A 2 A A
Then the system of equations (3) has a unique solution
(ay,a,,A ,a,_, )’, thus

3)

a,ta A +A +a, A =p,i=12,A ,n

So
(a,+ad+A +a, A™a =pa,i=12.A n. ‘

Since o(a,) = A0, 7(a,) =y, , so
2 -1
(a,e+ao0+a,0°+A +a, 0" o, =1(x,),
i=12,A ,n.
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Taking into accout &,,,,A ,, is a group of bases of

V , we obtain 7= a,€+a,0+a,0° +A +a, o'

IV. CONCLUSION

The calculation result of Vandermonde determinant is
very concise. The difficulty is how to connect the given
determinant with Vandermonde determinant and turn it
into the form of Vandermonde determinant. This requires
arelatively high observation and calculation skills, need to
pay attention to observation in the process of learning,
constantly summarize the rules and methods, improve
problem-solving skills. The application of Vandermonde
determinant can be accomplished by mastering the
applicable forms and skills of Vandermonde determinant.
The application examples of Vandermonde determinant in
linear space and linear transformation in this paper reflect
the integration and penetration of Vandermonde
determinant and other mathematical knowledge, which
contains high problem-solving skills. How to skillfully and
flexibly use Vandermonde determinant to solve practical
problems and apply it is worth further exploring.
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